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ABSTRACT 

We construct the nonstandard hull of a not necessarily bounded strongly 
continuous representation U of the locally compact semigroup S on a Banach 
space E. Then we apply our results to the theory of the spectrum ~ (U)  of U, 
mainly in cases where S is an abelian group, e.g. S = R. First of all we obtain 
generalizations to the unbounded case of results known for the bounded one. 
Secondly we introduce the notion of the Riesz part Ro,(U) of or(U) and 
characterize those representations satisfying or(U)= R or(U). We illustrate the 
theory developed so far by applications to representations on Banach lattices. 

Introduction 

Let U be a strongly continuous representation of the locally compact abelian 
group G on a Banach space E. Arveson [2] introduced the notion of the 
spectrum in case U is bounded, and independently of [2] Lyubich [18] defined 

the spectrum in a different way for a general representation U. Both notions 

agree if U is bounded ([6], sect. 6; [24], 8.1). Moreover, in [1] the spectral 

calculus of Arveson was generalized to non-quasianalytic representations which 

were considered for the first time in [8] (cf. [9]). 

In the present paper our main aim is to investigate further the spectrum o,(U) 

of a representation U. In particular we introduce the notion of the Riesz part 

R o'(U) of o'(U) and characterize completely those non-quasianalytic represen- 

tations for which o-(U) equals R o'(U). In the last section of this paper we apply 

the general results to representations of the group G by positive operators on 
Banach lattices. 
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As an important tool we introduce the nonstandard hull (/~, O) for a 

representation U of the locally compact semigroup S on a Banach space E thus 

carrying on ideas implicitly contained already in [7, 18, 19]. The basic two 

properties of 0 are first of all that the two associated representations U 1, 0 ' ,  

respectively, of the measure algebra are compatible (see 2.2 for a precise 

formulation), and secondly that in case S is a group or(U) equals o-(0) and this 

latter set is equal to the set Po ' (O)  of all "eigenvalues" of O. The first- 

mentioned property is not shared in general by weaker "standard" extensions of 

U. 

We now summarize briefly the particular sections: In section 1 we introduce 

the nonstandard hull (E, U), whereas the second section is devoted to the 

associated representations of the measure algebra. The main results concerning 

the relationship between o-(U) and o-(0) are contained in section 3. In the 

fourth section we give first some easy applications of the theory developed so far. 

The fifth section contains the main application to the Riesz part of the spectrum 

introduced there, whereas section 6 is devoted to representations on Banach 

lattices. 

In order to make the paper instructive for mathematicians not familiar with 

nonstandard analysis we label most standard results and definitions by the letter 

S. 

I wish to thank Prof. W. Luxemburg for valuable discussions after the talk I 

gave about this subject on the conference on nonstandard analysis at Oberwol- 

fach in June 1981. In addition I thank Dr. W. Arendt (T/ibingen) for helpful 

conversations as well as for the preprint [3]. 

Finally I thank the referee for having pointed out some misprints and 

ununderstandable formulations, in particular in the proof of 4.4. 

w The nonstandard hull of a strongly continuous representation of a locally 

compact semigroup 

1.1. For notions of nonstandard analysis not explained here we refer to [17, 

26]. The enlargements we use are always tacitly assumed to be polysaturated. 

The standard super structure ~ under consideration is assumed to contain all 

standard entities in question (like C, the Banach space E, etc.). The counterpart 

in the enlargement * ~  of a standard entity A is sometimes denoted by *A. But 

if no confusion is possible we omit the star. 

For a topological space X, ns (*X) denotes the set of all near standard points. 

If x, y E ns (*X) and both have the same standard part then we write x ~ y. 
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More generally if the topology is induced by a uniform structure 3f we extend 

to all of *X by setting x ~ y  ifI (x, y) is in the monad of 2(. 

For a normed space (E, It.I] ), f in (*E) i s  the set of all finite elements of *E, 

inf (*E) denotes the infinitesimals,/~ : -- fin (*E)/inf (*E) is the nonstandard hull 

of E. The canonical embedding of the space ~ ( E )  of all bounded linear 

operators on E into ~( /~)  is given by T---~ T (Ti  : = (*Tx)^). 

1.2. In the following let (S,.)  denote a locally compact semigroup with unit e 

(we always assume the multiplication to be jointly continuous). A strongly 

continuous representation U of S on the Banach space E is a continuous 

homomorphism of S into ~ ( E ) ,  this space being equipped with the strong 

operator topology. Moreover we assume always Ue = I (identity on E). U is 

called uniformly continuous (by abuse of language) if it is continuous with 

respect to the operator norm on ~ ( E ) .  

Now let U be a fixed strongly continuous representation of S on E. Define 

Es : ={x E f i n ( * E ) :  U,x ~ U,x for s, t @ns(*S),  s ~ t}. 

The essential properties of Es are collected in the following lemma. 

1.3. LEMMA. (a) Es is a linear subspace of fin (*E), which is invariant under 

Ut for all t Ens(*S) .  Moreover for each fixed x E E s  the mapping t--~ U,x is 
s-continuous from ns(*S) into * E. 

(b) Es contains inf (*E), and this latter space is also invariant under {Ut : t E 

ns(*S)}. 
(c) If  T @ ~ ( E )  commutes with all U, (t E S )  then *T(Es)CEs. 

(d) If S is a locally compact group then Es = {x E fin (*E):  U,x ~ x for all 

t~-e}. 

(e) Let E be a Banach lattice (a C*-algebra, resp.) and assume that U(S) 

consists of lattice isomorphisms (*-automorphisms, resp.). Then Es is a vector 
sublattice (a *-subalgebra ) of fin(*E). 

PROOF. Almost all is obvious, e.g., in order to prove i n f ( * E ) C E s  one uses 

the fact that t -~  II u, II is bounded on compact subsets according to the uniform 

boundedness principle. 

We are now able to define the nonstandard hull of the representation U. 

Denote the quotient mapping from fin (*E) onto /~ by Q. 

1.4. PROPOSITION. (a) /~s: = Es/inf(*E) is a closed linear subspace of E. 

containing E. Moreover the (not necessarily continuous) representation ~J of S on 
E, given by U,Q = Q'U,  is well-defined. Es is left invariant under /](S),  and 
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U : S  ~ ~(/~s), given by 0, = U,I~ (restriction to IF.s) is strongly continuous and 

satisfies U, IE = U,. 
(b) Let T be in the commutant U(S)'  of U(S)  in ~..(E). Then "/~(/~s) C / ~  and 

T ~  "f': = ~ is an isometric embedding of U(S)'  into ~(Fzs). 
(c) If E is a Banach lattice (a C*-algebra) and if U(S)  consists of lattice 

homomorphisms (*-homomorphisms, respectively) then E.s is a Banach lattice (a 
C*-algebra ) and (J ( S ) consists of lattice homomorphisms (*-homomorphisms ). 

PROOF. In view of 1.3 we only have to prove 

(i) /~s is closed in E. 

(ii) /J is strongly continuous. 

ad (i): Let (~,) be a sequence in /~s converging to )3 ~ E. Choose x, E.~,, 

y E~.  By 1.3(b) x, •Es  hence for s,t E ns(*S) satisfying u : = s t ( s ) =  st( t)  we 

have Usx, ~- U,x,. Choose a standard compact neighbourhood of u. There U is 

bounded by M, say. Moreover to each e > 0 there exists n standard such that 

Ilx~ - y tl< e/2M. Thus 

II U~y - U,y II < tl U,y - U, xo II + I1 U,x~ - U,x,. II § II U,x~ - U,y II < ~. 

This proves )~ E / ~ .  
ad (ii): Let ~ = Qx ~ Es be arbitrary. For e > 0 standard and t C S standard 

the neighbourhood monad /.t(t) is contained in the internal set {s E ' S :  

II U , x -  U,x II < ~} = : c .  Hence by Cauchy's principle ([261, 7.6.4) there  is a 

standard neighbourhood V of t such that *V C C. Applying Q we obtain the 

assertion. 

1.5. DV.FINmON. The representation 0 on /~s is called the nonstandard hull 

of U. 

The question under which hypotheses /~s = E may hold will be answered 

completely as follows: 

1.6. PROPOSITION. The following assertions are equivalent: 

(a) /~s =/~. 
(b) Es = fin (* E). 

(c) U is uniformly continuous. 
(d) The representation t ~ O, on F. is uniformly continuous. 

PRoof. In view of 1.3(b) all is obvious except (b) :ff (c): Let B denote the 
unit ball in E, and let e > 0 be a standard given number. Then for t @ S standard 

the neighbourhood monad of t is contained in 

D :  ={s  ~ * S  : VxIx ~ * B  ~ II U~x - U,x II< ~l}- 
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By Cauchy's principle ([26], 7.6.4) there exists a standard neighbourhood V of t 

such that *V C D. The assertion follows. 

One may conjecture t h a t / ~  is equal to F : = {,2 E F: : t -~ IJ, fc is continuous}. 

But this is not true in general as the following example will show. The reason for 

the choice of /~s instead of F will become clear from 2.3. 

1.7. EXAMPLE. Let E = C(H) be the space of all continuous complex-valued 

functions on the group H = {z • C : I z t = 1}. Define U by (Uzf)(v) = f (zv) .  By 

26.14 in [16] to each finite subset M of 11 and e > 0  there exists k E Z ,  k / O  

satisfying I z ~ - 1 I < e for all z E M. Thus to a *-finite set M of *lI containing 11 

and to e ~ 0  there exists k E * Z \ Z  satisfying lz k - 1  I < e  for all z E M ,  in 

particular for all z E II. Hence f :  v ---* v k satisfies /]/zi = t for all z E 11, so f U F. 

On the other hand f f f  E ,  by 1.3(d). So F / E ~ l  by 1.3(b). 

w The representation of measures 

Assumption: All semigroups under consideration are locally compact and 

possess a unit, all representations are strongly continuous and map the unit onto 

the identity operators. All measures are Radon-measures. E always denotes a 

Banach space. 

2.1. Let U be a representation of the semigroup S on E. Then the function 

p : t  ~ max (1, II u, It) is lower semicontinuous, bounded on compact subsets and 

satisfies p(st)<=p(s)p(t). Denote by M(S, U) the space of all measures on S 

satisfying II I1: = f p ( t ) d  I/x I(t) < ~c. Then equipped with this norm and with 
convolution as multiplication M(S, U) is a Banach algebra. The representation 

U can be extended to a contractive representation U ~ of M(S, U) into ~ ( E )  by 

U',,x = f U, xdtx (t) (the integral in the weak topology), Let/_) be the nonstandard 

hull of U on E.s. The next result states /_)',, = (U~,)^ I/~s (restriction of U~ ̂  onto 
Ei's). In more details: 

2,2. TItEOREM. Let tx E M(S, U) be a standard measure and let x E Es be 

arbitrary. Then U~(x ) = f U, xdtz (t) holds (where the right-hand side denotes the 

weak integral transferred to * ~  ). Moreover this element is in Es and we have 
~ 1 ^  U~x = f l~l, Ycdtz(t) ( =  (U)~,~). 

PROOF. The first equality follows from the transfer principle and the defini- 

tion of U',,. Concerning the other statements let us first assume that /z has 

compact support K. By [26], 10.3.1 the nonstandard hull (E') ~ of the dual E '  of E 

separates the points of ~i', hence it is enough to show (y, 13')= (zT, f ' )  for all 
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y ' ~  fin (*E'), where y denotes * U~,x and i. : = f O, idtz(t). Since x E Es the 

function t----~ (U,x, y') is s-continuous on * K. Its standard part is (O,x, ~') = :g( t )  

(t E K)  and by [26], 8.4.41 *g(s)~(Usx, y') holds on *K. Thus 

(~, ~')=st((y, y ' ) )=s t (  f (U,x, y')dtz(t)) 

fK st ((U,x, y'))d/x(t) = fK (0,~, ~')dtz(t)=(i, ~'). 

This implies our assertion in the case under consideration. 

Now assume the general case. To every standard e > 0 there exists a compact 

standard set K such that 11/x - / z r  ]l < e/2 (/zK : restrictkm of/x to K). Then for 

x E E s  we have 

f U'xdlz( t)- f .  K U, xdlx(t) <211xtl, 

The theorem is proved. 

f O,2d/~ ( t ) -  ~K O,.r (t) < 2 II :e II. 

We finish this section with an additional important theorem in case S is a 

locally compact group G with fixed left Haar measure dt. Then 

L'(G, U):  = { [ E  L ' ( G ) :  f l[(t)lp(t)dt <~} 
is (identifiable with) a closed convolution ideal of M(G, U). Moreover L '(G, U) 

possesses a bounded approximate identity. Thus { U~x : x @ E, [ ~ L t(G, U)} is 

dense in E (U~x : =  f[(t)U, xdt). 

2.3. THEOREM. Let U be a representation o[ the group G on a Banach space E, 
and let (J denote the nonstandard hull of E on E~. Then ]:or all ]: @ L '(G, U), 
(U}) ̂  maps the whole nonstandard hull F. o[ E into the subspace IEc;. Moreover 
{U~2 : Y; E U.~, ]: ~ L ~(G, U)} is dense in F:~. 

PROOF. The second assertion is clear by the preceding paragraph. Concern- 

ing the first statement let ]: @ L~(G, U) be standard, and let t E *G satisfy t ~ e. 

Then since the representation V on L'(G, U) given by Vs]: = e, *]: is strongly 

continuous we get 1t e, * f - f II ~ 0. Hence for all x E fin (*E), II u, u b  - U)x II 
0 holds, thus U)x E E6 by 1.3(d), and the theorem is proved. 

w Spectral theory of group representations 

Assumption: In addition to the general assumption made in section 2 we 

consider from now on only locally compact abelian groups, denoted by G, with 

fixed Haar measure dt. The group of all unbounded continuous characters of G 
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(into C \ {0}) is denoted by GL It is equipped with the compact-open topology. 

Its subgroup of all bounded characters is denoted by G x and is called the dual 

group. The Fourier-transform of a measure/~ is given by/2(X) = fx(t)d/z(t).  It 

is defined for all X E G~ for which f IX(t)ld ]/z I ( t ) < ~  holds. 

3.1. (S) DEFINITION. A representation U of G on E is called bounded if 

U(G) is bounded in ~ ( E ) .  U is called non-quasianalytic ([12]) (nqa for short) if 

for all t ~ G, Y~7 (1 + k ~') ' log ][ U, k [[ < ~. Finally U is called spectrally bounded if 

the spectral radius of each U, is equal to one. 

Obviously each of the notions above is stronger than its successor. If U is nqa 

then by results of Domar [8] L ~(G, U) is semisimple, regular, its Gelfand space is 

equal to G x, and the Gelfand representation is given by Fourier transformation. 

Moreover every proper closed ideal is contained in the kernel of some character. 

Thus in this case the representation of L~(G, U) by U ~ will play the same 

important role as the representation of L~(G) in the case where U is bounded. 

In the sequel we shall use all these facts without mentioning them explicitly. 

The importance of non-quasianalytic representations is underlined by the 

following example: 

3.2. EXAMPLE. Let (U,),~R be a C,,-group of operators on the Banach space 

E. Assume that there exists M > 0 and r @ N satisfying [[ U~[[ -<_ M [ k [' for all 

k E Z. Then U is non-quasianalytic. 

3.3. (S) DEFINITION. Let U be a representation of G on E. 

(a) g E G~ is called an eigenvalue of U if there exists an x E E satisfying 

0 #  x and U,x = x(t)x for all t E G. Such x is called an eigenvector and the 
linear hull of all eigenvectors corresponding to X is the eigenspace E(X). The set 

Pe r (U)  of all eigenvalues is called the point spectrum of U. 

(b) g ~ G x~ is called an approximate eigenvalue of U if there exists a net (x,) 

(called a corresponding approximate eigenvector) of normalized vectors such that 
(U,x, - X (t)xv) convergesto 0 uniformly on every compact subset of G as 3' goes 

to infinity. The set ~r(U) of all approximate eigenvalues is called the spectrum of 
U. 

REMARKS. (1) X E o ' (U)  iff for all compact subsets K of G 

0 = inf ( sup  [[ U,x - x(t)x II]. 
Ilxll=l \ t ~ r  / 

(2) Let U be bounded. Then our notion of t r (U)  agrees with that one of 

Arveson (see [6], sect. 6). More generally if U is non-quasianalytic the spectrum 
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can be introduced in these two equivalent ways, too ([1]). Before discussing these 

connections we have to prove the basic theorem of this section. 

3.4. THEOREM. Let U be a representation of G on E, and let l] be the 

nonstandard hull of U on IF, c. Then 00(U)= P 0~ 00(0). 

PROOF. For X E 00(U) arbitrary let (x~)~r be a corresponding approximate 

eigenvector. Since X is continuous we obtain that for y infinitely large the 

following assertion holds for all s, t E ns(*G)  satisfying s ~ t: 

Usx~ ~ x ( s  )x~ ~ x ( t  )x,  ~ U,x~. 

Hence xv E E 6  and ~2v -- x(t)2v holds for all t �9 G. So 00(U)CP00(/]). 

Now assume that Xff 00(U). Then there exists a (standard) compact set K 

satisfying 

( sup II - x ( t )x  11] = :  a > inf 0. 
II~ll=l \ , E r  / 

By transfer to *rig we obtain: 

to each x E Ea of norm 1 there exists t �9 *K satisfying II U,x - X(t)x II >= 8. 

But then [I U,x - X(s)x II ~ II U,x - X(t)x II > a/2 holds for s = st (t). Applying the 
quotient mapping A we obtain 

inf{ sup([[ G.r - X(S)fC [[): 2 �9  [[-r [I = 1} > 6/4, 

hence Xff 00(/))- 

Let T �9 ~ ( E )  be given. Recall that z �9 C is called an approximate eigenvalue 
of T iff inf,xll=~(lt T x - z x  II)=0. The set of all approximate eigenvalues is 
denoted by Ap 00(T). Obviously Ap 00(T) is equal to the point spectrum P ty(]b) 

of 7" (adapt the proof above). So we get easily: 

3.5. COROLLARY. Letx  �9 00(U) be arbitrary. Then [X(t)l _-< p(t) for all t ~ G. 

Moreover for all ix E M (G, U) we have t2 (00 (U)) C P o- (/]~) CAp 00 (U~). 

PROOF. By 3.4, X E P00(/]), hence the first assertion is obvious. But then 

f I x(t)l d l~ I(t)< ~ for all p, E M(G, U), and the remainder follows by an 
application of 2.2. 

Our next aim is to establish the relationship between o '(U) and the approxi- 
mate point spectrum Ap o-(U ~) of U ~ defined below. In fact both spectra turn 
out to be equal to P 00(/]). The Gelfand space F(B) of the algebra L~(G, U)= 
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:B is equal to {X E G ~ : s u p { I g ( t ) l / p ( t ) : t ~ G } < ~  } ([9]). Similarly to the 

corresponding notions for U one can define eigenvalues and approximate 

eigenvalues of the representation U ~ of B. The set of all eigenvalues is denoted 
by P o-(U~), that one of all approximate eigenvalues by Ap o-(U') (A,(U ~) in [9]; 

x EF(B)  is in Apor(U ~) iff infll,ll=,(supf~FllU~x-t(x)xll)=O for all finite 
subsets F C B). 

The next proposition is not too surprising. In this general form, however, it is 

neither contained in [1] where only nqa representations are considered nor in [9, 

18, 19] where only weaker notions of o-(U) are treated. 

3.6. PROPOSITION. Set J ={[ E B : U~=O} and h(J)={X E F ( B ) : f ( X ) = 0  

[or all f E J}. Then the following assertions are true: 
(a) or(U) = Ap or(U') = P o-(0') = P or(U) C h(J). 

(b) For all f E B, [(o'(U)) CAp or(U})C or(U})C_ f(h(J)). 

PROOF. (a) Similarly to 3.4 one can prove A p o ' ( U ' ) = P o r ( 0 ' )  where by 

definition O':f---> (U})  ̂  E ,W(/~). But now (U}) ̂  map/~ into/~c by 2.3. Since B 
is semisimple each eigenvector of 0 '  is contained already in Eo, hence 

Apor (U ' )=Po- (U ' ) .  Obviously Por (O)CPo-(0 ' )  (Ch(J)) .  Let conversely 

x 6 P o r ( 0 ' )  be arbitrary and let .f ~/~c be a corresponding eigenvector. 

Choose a bounded approximate unit (f~ ] in B. Then by 2.3 the following holds: 

0,~ lim - '  = ~ U~,.f~x = limx(t)fl~(X)s = x(t)s 

(Here e, denotes the point measure concentrated on t.) 

(b) follows from 3.5 and from the fact that h(J) is the Gelfand space of B/J. 

3.7. REMARKS. (1) Apor(U')  is closed in F(B) [9], hence or(U) is closed in 

GL 

(2) In case U is non-quasianalytic B = L'(G, U) is regular, hence Ap o'(U ~) = 

h(J) by [9], 6.5; so all sets in (a) and (b) are equal. Moreover in this case or(U) is 
never empty ([9], 6.5). 

w Easy applications to general spectral theory 

We adhere to the assumptions of section 3 unless explicitly stated otherwise. 

In order to look for the relation between the spectrum of a representation 

U = (U,),~. and the spectrum of the corresponding infinitesimal generator A of 

(U,) we want to consider the more general case of representations U of 
R+ = {t : t _-> 0} and their infinitesimal generators A. 
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Recall that by definition z ~ A p o - ( A ) i f  i n f { l t A x - z x [ l : [ I x l l = l ,  
x E D ( A  )} --0 (D(A): domain of A ). By P o-(A )we  denote the point spectrum 

of A. 

The following result is essentially due to Derndinger [7], though he used a 

standard and weaker substitute for the nonstandard hull. In fact nonstandard 

analysis facilitates the reasoning in an important manner. 

4.1. PROPOSITION. Let U be a representation of R+ on E, denote by A its 

infinitesimal generator, and by fi~ the infinitesimal generator of the nonstandard 
hull U on Ea+. Then the following assertions hold: 

(a) o-(A) = o-(A). 

(b) Ap o- (A) = P o- (ft.). 

PROOF. There exists r > 0  such that the function f : t - - > e x p ( - r t )  is in 

L'(R+, U)  (i.e., the measure f .  dt is in M(R+, U)), and T:  = ( r - A )  - j =  U~. 

2.2 implies 7" : = Tie,. = / ] ~  = (r - A )-~. 

Set o-o =o-, o-1 = P o-, and o-2 = Ap o-. Then the following relations are well- 

known for i = 0, 1, 2 : o-i (T) \ {0} C {(r - z ) ' : z E o-~ (A)} C o-i (T) U {0}. They hold 

as well for fi,, T. Hence we have only to show o- (T)=  o-(T) and o-2(T)\{0} = 

o-,(T)\{0}. But the first equation follows from 1.4(b) since o- (T)=  

{z E C : ( z  - T) is not invertible in {T}'}. Like in the proof of 2.3 the integral 

formula T = U~ shows 7"(/~) C/~R., hence 

o-2(T) \ {0} = o-, (7") \ {0} = o-,(T) \ {0}. 

The proposition above enables us to generalize a result of Evans [10] from the 

case of bounded representations to arbitrary ones. Again our proof is an 

extremely simple application of nonstandard analysis. In order to fomulate the 

result in a precise manner we have to identify C with R~ by z---*Xz (Xz(t)= 

exp (zt)). 

4.2. (S) PROPOSITION. Let U be a representation of R on E, and let A denote 

its infinitesimal generator. Then Ap o-(A ) = o-(U). If in particular U is spectrally 
bounded then o-(A )= o-(U). 

PROOF. Let A be as in 4.2. z@Po-( , '~)  iff there exists 0 f i S E D ( A )  

satisfying z ;  = ,'~x iff Xz E PO-(U). So the first assertion follows from 3.7 and 

4.1. If U is spectrally bounded then o-(A)C iR hence o - (A)=  Ap o-(A). 

4.3. (S) COROLLARY. Let ( U, ),~R be a Co-group on the Banach space E ~ {0}. 

if II II = o (I k l" ) for a suitable r >- 0 then o- (A ) ~ (~. 
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PROOF. Use 3.2, 3,7, and 4.2. 

Our next result was proved in case of a bounded representation by Olesen 

[23]. Moreover the assertion below that o'(U) / • was shown in [9] for a weaker 

notion of o'(U); again our proof is quite easy. 

4.4. (S) PROPOSmON. Let U be a uniformly continuous representation o[ G on 
E. Then or(U) is compact and non-void. 

Conversely if o-(U) is compact and the representation is non-quasianalytic then 
it is uni[ormly continuous. 

REMARKS. (1) Notice that in the first assertion U need not even be spectrally 
hounded. 

(2) Nymann [22] gave a sophisticated example of a spectrally hounded 

representation U of R with void spectrum. Thus the additional hypothesis that U 
is nqa is not superfluous. 

PROOF or 4.4. (I) Let U be uniformly continuous. First of all we show that 

Po-(U) is relatively compact. Let X ~ * P o ( U )  be given. Then there exists a 

corresponding eigenvector x of norm 1 in *E. Since f in (*E)=  E(~, U~x ~- U,x 

hold for all s -~ t nearstandard. Thus X is s-continuous on ns (*G), hence P or(U) 
is relatively compact by 8.4.41 in [26]. Now by 1.6 and 3.4 we may apply the 

assertion established above to o - ( U ) = P o - ( 0 ) .  3.7(1) yields that o ( U )  is 

compact. 

(II) Let U be as before. By 6.6 in [9] there exists X E G~_ which is in the 

spectrum or(Ua)of the same representation U but viewed as a represcntation U~ 
of the discrete group Gd. By 3.4 there exists x E fin (*E) of norm one such that 

U,x ~X( t )x  for all standard t. Since by 1.6, /~ = Ec;, we obtain 2( E P c r ( O ) =  
o-(u). 

(III) Let now o-(U) be compact. By 3.7 we have o-(U)= h(,/), hence the 

Gelfand space of B : = L'(G, U)/J is compact, which shows that B has a unit 

f : =  f + J. Then U~ = I (since L~(G, U) has a bounded approximate identity), 

hence O~ is the identity on /~ and 2.3 and 1.6 yield the assertion. 

w The Riesz points of the spectrum 

Let T be a bounded linear operator on the Banach space E. z • C is called a 

Riesz point of the spectrum o-(T) if it is a pole of the resolvent such that the 

residuum is of finite rank. As is known this is equivalent to the two properties 

that z is isolated in o'(T) and (z - T) is upper Fredholm. According to [5] this in 
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turn holds iff z is isolated in or(T) and ker (z - 7 ~) is finite-dimensional. So we 

are led to the following notion (we adhere again to the general assumptions 

made in sect. 3). 

5.1. (S) DEFINITION. Let U be a representation of G on E. g E or(U) is called 

a Riesz point if X is isolated in or(U) and if moreover every approximate 

eigenvector (x~) corresponding to X possesses an accumulation point. The set of 

Riesz points is denoted by R o-(U), its complement in o'(U) is called the 

essential spectrum o'~s~(U). 

Denote by B~ the closed subalgebra of ~ ( E )  generated by U~(L~(G, U)) and 

I. Assume that U is non-quasianalytic and that X is isolated in o'(U). Then using 

3.7, 6.5 in [9], and Shilov's idempotent theorem we get a unique projection 

Q~ • B, which reduces U. In more details this means: 

(i) Q U ,  = U,Q, for all t E G. 

(ii) For V:t---~ V, : =  QxU, (on Qx(E)), o-(V) equals {X}- 

(iii) For W : t---~ W, : : (I - Q,)U,  (on (I - Q~)(E)), X ~  cr(W). 

If U is bounded then Q~ maps E onto the eigenspace E(X), so in that case 

X E R or(U) iff X is isolated and Q, is of finite rank. This assertion remains true 

also in the more general case of a non-quasianalytic representation, as we shall 

show below (5.3). But first of all we need a characterization of a Riesz point in 

terms of nonstandard analysis: 

5.2. PROPOSITION. Let U be an arbitrary representation of G on E and let X be 

isolated in o'(U). 7he following assertions are equivalent: 

(a) X E R or(U). 
(b) The eigenspace E,(X) of X in E(; is equal to E(X ) in E. 

(c) d im/~(X)< ~c. 

(d) X (-- R or(/]). 

PROOF. (I) Set E(X) = F. Then fin(*F) is contained in E(; hence F =  

fin (*F)/inf (*F) is a closed subspace of E(X)- Thus if F is infinite-dimensional 

then F ~ / ~  hence E ( X ) ~ E .  

(II) (a) => (b): Suppose F~/~(X) .  Then there exists ~ E/~(X) of norm one 

satisfying d (;, F) : = inf {ll-~ - y II: y G F} -> ' (cf. [31], p. 84). Thus for x E .f of 

norm one we have d(x,*F)>=~ and II U,x-x(t)x I1 0 for all t Ens (*G) .  This 

particular x shows the following: 
(S): If K is a compact standard set and e >0 ,  a standard real number, then 

there exists an x of norm one such that d ( x , * F ) = ,  >-~ and 

(11U,x -X(t)x 11)< 
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By the transfer principle we obtain an approximate eigenvector (xK.~)Jcr 

which has no accumulation point because of d(xK.,, F)>~. 
(b) :ff (c): See (I). 
(c) f f  (d): F C/~0t'), hence dim F < oo. Suppose there exists an approximate 

eigenvector (i~) in/~c, (corresponding to X) with no accumulation point. Then 

there is 6 > 0 (standard) and 3'0 (standard) such that d(:r F) > 6 for all y > yo. 
To every standard compact set K C G and every standard e > 0 there exists 

T(K, e)_- > To such that 

sup (11 0,~ - x ( t ) L  II)< 
t E K  

for all y ->_ T(K, e). 

Pick an x~lr.~)E ~1~.~ of norm one. Since x~tr,,)E Ec, these elements verify 

assertion (S) above (with 8/2 in place of �88 Like there we obtain an approximate 

eigenvector (x~) in E such that d(x~, F)=> 6/2. Thus (x~) has no accumulation 

points, hence there exists/30 and 8, > 0 (standard) such that II x~ - x ,  II = ~, for all 

/3, Y >/30, /3# y. But for all/3 infinitely large ~ is in/~(X) (cf. proof of 3.4) and 

II ~. - ~, It => ~,/2 for /3 # y, thus dim/~(X) = ~. 
(d) ~ (a): Obvious. 

We now apply this proposition to non-quasianalytic representations. 

5.3. (S) THEOREM. Let U be a non-quasianalytic representation of G on E. 
Then X E R or(U) iff x is isolated and the reducing projection Q~ is ojr finite rank. 

PROOF. (I) For the nontrivial part of the assertion (X ~ R o-(U) :ff Q~ is of 

finite rank) we may assume without loss of generality that Q~ = I, i.e., o-(U) = 

{X} and U is uniformly continuous. By 5.2, E(X) is finite-dimensional, so there 

exists a continuous projection P onto E(X). Let S be equal to I - P  and set 

M = S(E). Then obviously ,~(/~) is (identifiable with) /Q. 

(II) Claim: there exists a finite subset H of L~(G, U) such that 

inf (sup {11Uix - f ( X ) x  I1: f ~ HI) = 6 > 0. 
x C:M, IIxtl= 1 

For else /~/fl/~0t,)#{0}, a contradiction to 5.2. Let H be {[t . . . . .  jr} and set 

U~: = Tj. By 3.7, o-(Tj) = {~(.~)}, hence the joint spectrum o ( T l , . . . ,  Tr) equals 

{z} where z = (f1(1') . . . . .  f,(x)). 

(llI) (II) shows that T:E----~ E'  given by Tx = (Tjx -.~0()x)~=~ ...... is an upper 

Fredholm operator. Thus the upper Fredhoim spectrum of (T1, . . . ,  T,) is empty 
hence dim E < ~ by [4], theorem 7. 
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The following result may be viewed as a spectral mapping theorem for the 

Riesz part of the spectrum. 

5.4. (S) PROPOSITION. Let U be an arbitrary representation of G on E. Assume 

that there exists iz E M(G, U) such that ~r(U~) contains a Riesz point z. Then 

D : =  {X E t r (U) : /2(X)  = z} is nonempty, finite, and is contained in R tr(U). 

PROOF. H : = ker (z - U~) = ker (z - / ) ' )  is finite-dimensional (cf. the begin- 

ning of this section). Thus t -~  V, : = U,I, is uniformly continuous. By 4.4 there 

exists X ~ o-(V) (C tr(U)). 3.5 yields z =/2 (X) hence D ~ Q. But by 2.2 we have 

/~(B) C H for all r / E  D. dim H < oc implies that D is finite. Finally z is isolated 

in t r ( U ' )  and by 3.5, D =/2 ~(z), hence D is clopen in or(U) and the assertion 
follows from 5.2. 

We now turn to the characterization of those representations U satisfying 
or(U) = R o~(U). 

5.5. (S)  DEFINITION. The representation U is called R-compact  if every 

bounded subset C of E satisfying lim,_, (sup{ll U,x - x I1: x E C}) = 0 is rela- 
tively compact. 

R-compact  representations are in a certain sense opposite to uniformly 

continuous ones. They are characterized in the following theorem: 

5.6. (S)  PROPOSITION. For a representation U of G on E the following two 

assertions are equivalent: 

(a) U is R-compact. 

(b) U~ is compact for all [ E L~(G, U). 

Moreover any of these two assertions imply 

(c) ~ ( U ) =  Ro-(U) .  

We formulate the nonstandard part of the theorem separately: 

5.7. PROPOSITION. Any of the assertions (a) or (b) above is equivalent to the 

following one: 

(d) /~o = E. 

PROOF. (a) ::~ (b): Since t--->e, * f  is continuous from G into L ' (G,  U)  and 
since U ~ is a contraction it is easy to see that (U,) converges to I uniformly on 

(U)x :llx II = 1} for every f@ L'(G, U). By (a), U~ is compact. 
(b) :::> (d): T @ ~ ( E )  is compact itt J" maps _r into E (cf. [20]). Hence (d) 

follows from 2.3. 
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(d) =), (a): Let C C E be bounded and assume that 

lim (sup II U,y - y ]1t = 0. 
r ~e  \ yE('" / 

Then for y (E*C and t ~ e, U,y ~ y hence *C CE~; = ns(*E) by assumption; so 

C is relatively compact by [26],.8.3.1. 

Finally assume (b). To X E o-(U) there exists f C L '(G, U) satisfying f(X) ~ 0. 

Now apply 5.4. 

5.8. (S) COROLLARY. Let U be non-quasianalytic. Assume that there is an 

f E L '(G, U) vanishing nowhere on o'(U) such that U~ is compact. Then U is 

R -compact. 

PROOF. If f vanishes nowhere on o-(U) then U~ has dense range. This may be 
proved along the lines of the proof of the corresponding result for bounded 

representations in [3], sect. 1. But since o'(U) = o'(O), O}(Ec;) is dense in L'c;. 

Since U~ is compact we have O~(/~c,)C 0}(E)CE,  hence 5.7(d) applies. 

In order to formulate the final main result of this section we recall that 

T (E 37(E) is called a Riesz operator if o-(T)\{0} consists of Riesz points only. 

The following theorem gives a converse to 5.6 ( a ) ~  (c) in case of a non- 

quasianalytic representation. 

5.9. (S)  THEOREM. Let U be a non-quasianalytic representation of G on E. 

The following assertions are equivalent: 
(a) or(U)= R~r(U). 

(b) U is R-compact. 
(c) For all f E L '(G, U), U~ is a Riesz operator. 

(d) For all f E L ~(G, U), U~ is compact. 

PROOF. In view of 5.6 we only have to prove (a) =), (b) and (c) ~ (a). 
(a) ~ (b): The spectral projections Q, (X E o-(U)) are all of finite rank by 5.3. 

Thus 0x maps /~ into E for every X. Let F be the closed linear span of 
U~,,~u~ (), (/~). Then F (C/~o) is invariant under U(G). Consider the induced 

representation S on the quotient /~o/F. Then on one hand we have o-(S)C 

o-(U) = R o ( U )  by 5.2. But since (~,(/~)= ~)x(E)CF we obtain X~cr(S), so 

o'(S) = O and hence E D F =/~G by 3.7. Thus (b) follows from 5.7. 
(c) ~ (a): This follows from 5.4 and the regularity of L'(G, U). 

5.10. (S) COROLLARY. Let U be non-quasianalytic. Assume that there exists 

E M(G, U) such that tz vanishes nowhere on ~(U) and that in addition U~ is a 
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Riesz operator. Then o-(U)= R o-(U), hence all the other assertions of 5.9 are 

true. 

U ~ PROOF. By 3.6, /2(o'(U))Co-( ,,), hence 5.4 yields t r ( U ) = R o - ( U ) .  

w Applications to representations on Banach lattices 

In this section [25] serves as a general reference concerning Banach lattices. 

We adhere to the assumptions made at the beginning of section 3. Moreover we 

always assume that E is a Banach lattice (over C), and that each U, is a positive 

operator (in fact then each U, is a lattice isomorphism) In this case we call U a 

lattice action. Unless otherwise stated explicitly we consider only lattice actions 

in this section. If X is an unbounded character on G then X = IX ]" .1 where IX I 

is a realvalued character and .1 is a bounded one. 

6.1. (S) PROPOSITION. Let U be a lattice action of G on E. Then or(U) is 

cyclic, i.e., if X = IX 1.1 E t r (U)  then {I X ] '1"" n E Z} C o ( U ) .  I f  in particular U 

is non-quasianalytic then lc  E tr(U). 

PROOF. In view of 1.4 and 3.4 we can assume that X E P t r ( U ) ,  i.e., there 

exists a nonzero x @E such that U,x =X(t )x  holds for all t, hence U,u = 

I x ( t ) l  u for  u = Ix I. Therefore the closure F of the principal ideal E,  = 

U.~N{z E E :  I z I=  < nu} is invariant under U ( G )  and contains x. Consider 

1 
v, - Ix( t ) l  u,t . 

We have V,u = u, V,x = .1 (t)x, and now we proceed in complete analogy to [25], 

proof of cor. 2 on p. 324, in order to obtain the result (cf. [28], too). The last 

assertion follows from 3.7. 

6.2. (S) COROLLARY. Let U be a spectrally bounded lattice action of R on E, 

and let A be the infinitesimal generator of U(R). Then either 0 is isolated in tr(A ) 

or tr(A )=  iR. 

PROOF. By [15], o '(A) # 0 ,  hence 0 E cr(A ) by 6.1 and 4.3. If 0 is not isolated 

in A then tr(A) = iR by 6.1, 4.2, and by the fact that tr(U) = cr(A ) is closed. 

Recall the following notions: a lattice action U on E is called irreducible if 

there is no nontrivial closed U(G)-invariant lattice ideal. By definition U is 

non-degenerate [28] if to every pair of disjoint compact sets K , L  C G there 

exists x > 0  in E such that inf(U,x, U,x)=O for all ( s , t ) E K x L .  A positive 
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u e~E is called a topological order unit of E if {z : I z I =< u} is total in E, or 

equivalently, if the ideal E, = U,,{z : I z I < nu} is dense in E. 

As an application of sect. 5 we obtain 

6.3. (S) THEOREM. Let U be a spectrally bounded lattice action of G on the 

Banach lattice E. Assume that there exists a measure tz E M(G, U) such that the 

spectrum of U~ contains a Riesz point. 
The following assertions are true: 

(a) If U is bounded and irreducible then H : = G/Ker  U is compact and U is 

isomorphic (in an obvious sense) to the canonical action V of G on a space F of 

functions f on H ((V,f)(s Ker U) = f(ts Ker U)) where C(H)C F C L '(H). 
(b) If G is discrete and U is non-degenerate then G is finite. 

' (c) If U is non-degenerate, non-quasianalytic and if U(G) possesses a .fixed 
point which is a topological order unit then G is already compact. 

PROOf. (a) By 5.4 there exists •  Let O ~ x  E E ( x )  be arbitrary. 

Then U, I x l = l U ,  x l = l x ( t ) l l x l = l x l .  Since U is irreducible U = l x l  is a 

topological order unit and the assertion follows from [28], 4.7. (Concerning the 

isomorphism cf. the Halmos-von Neumann theorem [21].) 

(b) By [30], t r ( U ) =  G ~. 5.4 implies that the compact group G" contains an 

isolated point. Hence G is finite. 

(c) By [28], tr(U) = G ~. 5.4 implies therefore that G" is discrete, hence G is 

compact. 

6.4. (S) COROLLARY. If U satisfies any of the assumptions made in (a), (b) or 

(c), and if in addition U(G) is not compact then for every IX E M(G, U) the 
spectrum or(U~) of U~ is equal to its essential part o-r 

We finally give a characterization of R-compact bounded representations. 

Our result generalizes [12], 4.5, and 127], obtained there for G = R. In fact we 

show that the apparently different assumptions made in these two papers are in 

fact equivalent. 

6.5. (S) DEFINITION. A lattice action U of G on E is called compactly 

reducible if there exist finitely many mutually disjoint bands E1 . . . . .  E, with the 

following properties: 

(i) E = E , + . . .  + E , .  

(ii) For every j = 1 . . . . .  r, Ej is invariant under U(G), the restriction 

Uj : t----> U, IEj is irreducible on Ej and G/Ker  Uj ( = U~(G)) is compact. 

If U is compactly reducible, U is conjugate (in an obvious sense) to the action 

of G on the direct sum of appropriate function spaces F/ on G/Ker  ~ = : ~.  
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where on ~ the action is induced by that one of G on Hj (cf. the abstract 

Halmos-von Neuman theorem [21], or [25], III. 10.4). 

6.6. (S) THZOREM. Let U be a bounded lattice action of G on E. The following 

assertions are equivalent: 

(a) There exists a positive bounded measure I.t on G such that the spectral radius 

r(U'.) of U~ is a Riesz point in (r(U'~). 

(b) U is compactly reducible. 

(c) For all f E L ~(G) U~ is compact. 

(d) U is R-compact. 

REMARK. If G = R  then one may consider iz = f .  dt where 

exp ( - t) t = 0, 

f ( t )  = 0 t < O. 

Then U~,, = (1 - A ) - ~  where A is the infinitesimal generator of U(R). Thus in 

this case Greiner's result [12], 4.5 corresponds to the equivalence of (a) and (b) 

above, and Uhlig's result [27] to the equivalence of (a) and (c). 

PROOF. In view of 5.9 it remains to prove (a) =)' (b) =), (c). 

(a) =), (b): By 5.4, 1~ E R or(U). Then it is not hard to see that E ( l c )  is even a 

sublattice, hence isomorphic to C' ([25], p. 70) (r = dim E (1 c,)). Thus there exists 

a basis x, . . . . .  x, of positive mutually orthogonal elements. 

Claim : u = E xi is a topological order unit. For let F denote U ,~ l  {z : I z ] =< 

nu}, and let P be the spectral projection corresponding to lc  (see sect. 5). Then 
P ( E ) =  E(1c~)CF. F is obviously U(G)-invariant. Hence there is an induced 

bounded lattice action S of G on the quotient space ElF. 3.7 and 6.1 together 

imply 1~ E o ( S )  if E/F#{O}.  On the other hand the associated spectral 

projection, O, say, has to be zero. So F = E, i.e., u is a topological order unit. 
r 

Since all xj are fixed points of U(G)  an induction argument shows E = G j = j  Ej 

where Ej = x~ ~ is the band generated by xj which is obviously U(G)-invariant.  

Claim: Uj is irreducible. Without loss of generality assume Ej = E, in 

particular dim E ( l c ; ) =  I; set xj = u. Now if J#{0} is U(G)-invariant,  then by 

3.7 and 6.1, lc, E o-(V) where V : t --* U,I~, hence u E J. Like above we can easily 

prove that/~, = E, hence J = E. Thus 6.3(a) yields that G/Ker  U is compact. 

(b) f f  (c): Without loss of generality assume that E = El and Ker U = {e}. By 

[28], 4.7, o-(U) = G ~, in particular o-(U) is discrete. Since U is bounded for each 

)t' E G ~ the spectral projection O~ maps E onto the eigenspace E(X)  which is 
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one-dimensional (apply the Halmos-von Neumann theorem [21], [25], 10.4). 
Thus the spectral projection Ox corresponding to 0 maps /~c onto /~0r 
E(X). Since G is compact, the union of the eigenspaces of U is total in E (see 
[11]). But the same is true for O, hence E = / ~ ,  and 5.7 applies. 
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